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A Note on Multidimensional 
Integral inequalities 
B. G. PACHPATTE 
The aim of the present note is to establish some new integral inequalities involv- 
ing functions of n independent variables and their first and second-order partial 
derivatives. The method used in the proofs is quite elementary and based on some 
simple observations and applications of the fundamental inequalities. 1 19x7 
Academic Pres. Inc. 
1. INTRODUCTION 
In the study of many problems in the theory of various partial differen- 
tial equations one has often to deal with certain multidimensional integral 
inequalities involving functions and their partial derivatives. In particular, 
the multidimensional integral inequalities of [Sobolev 2, p. 282; Poincare 2, 
p. 284; Friedrichs 9, p. 242; Serrin 10; Nirenberg 71, and their various 
generalizations and variants have been extensively used in the study of 
several problems in the theory of various partial differential equations and 
their numerous applications. An excellent account on this subject may be 
found in the monograph by Ladyzhenskaya and Ural’tseva [S, see, also 
14, 6-101 and some of the references given therein. The main purpose of 
this note is to establish some new integral inequalities in n independent 
variables involving real valued functions and their first and second-order 
partial derivatives. Our analysis used in the proofs is elementary and based 
on some simple observations and applications of the fundamental 
inequalities. 
2. STATEMENT OF RESULTS 
In this section we state our results on multidimensional integral 
inequalities to be proved in the present note. 
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THEOREM 1. Let B be a bounded domain in R”, with n 3 2 defined 
by B={x:O<x<a}, where O=(o ,..., o)ER”, x=(x, ,..., x,,)cR”, a= 
(a ,,..., a,,)E R”. Let u,(m= I,..., r) be real-valued functions belonging to 
C’(B) which vanish on the boundary aB of B. Then 
,u,,,(x), d.r)l%(g) i, (,‘i, lkz(x)\2)dx, (1) 
where x = maxia, ,..., a,,) and /Vu,,,/ = (C:‘=, (ih,,,/dx,12)“2. 
THEOREM 2. Let the ,functions u, (m = l,..., r) be as defined in 
Theorem 1. Then 
ld-~)12 dx))“‘<; (;)2 (s, (;, Iu,(xJ12) dx) 
m- 1 IVu,(x)12) dx), (2) 
where a and /Vu,,,1 are as defined in Theorem 1. 
THEOREM 3. Let D be a bounded region in R” with n > 2. Let 
u,,,(m = l,..., r) be real-valued twice continuously differentiable functions on 
the closure D of D which vanish on the boundary aD of D and &,/ax, 
(i= I,..., n) belongs to L,(D), where L,(D) is a set of functions which are 
square integrable on D. Then 
( ij ri ,,I = I n ,Vu,(x,,2dax))1’r<; [ID (j, bmtx))‘)dx 
+ jD ( i l&&~l’)drl, (3) 
m=l 
uhere \VU,,,~ = (1~~ , (au,,,/a.u,)‘)1’2 and AU,,, = C;= , (a'u,,,/dxf ). 
THEOREM 4. Let the functions u,(m = l,..., r) be as defined in Theorem 3. 
Then 
where IVu,,,I und Au,,, are us dcfirzed in Theorem 3. 
Remurk I. We note that the multidimensional integral inequalities of 
the type (l)-(4) have been considered by various authors in the literature 
from different view points, see [l-IO]. However, the inequalities 
established in (l)-(4) are different from those obtained by various authors 
in [l-lo] and we believe that the inequalities established in (I ))(4) are of 
independent interest. 
3. PROOFS OF THEOREMS 14 
If XE B, then we have the following identities 
%Yl(x)= - i’ 
(Jl (? 
\, z u,,(t, , x2,..., x,,) dr, - 
1 I 
*cJl, 
! 
? - - 
T,! at,, U,,(+~, 1”‘, -y,, , > t,,) dt,,, 
for m= l,..., Y. From (5) and (6) we obtain 
u,,J t, , -Y2 )..., A-,,) dt, + . 
u,(.~, >..., x,, 1r t,) dt,, I 1 . (7) 
(5) 
(6) 
for m = I,..., r. Integrating both sides of (7) with respect to x, ,..., x,, on B 
and using the definition of LX, and then taking the square on both sides of 
the resulting inequality and then using Schwarz inequality, the definition of 
CI and the elementary inequality 
(h, + ..’ +h,,)2a7(h~+ “’ +hf,), 
(for h, ,..., h,, reals) we obtain 
(8) 
<(;)‘a” j~[~~l+-.+Iff$$)i]2dx 
($7+2 
<4rl B - j IVu,(x)12 dx. (9) 
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From (9) and using the elementary inequality 
(6, ... b,)l.‘<; (b, + ... + b,), 
125 
(10) 
(for b, ,..., b, 3 0 reals and r > 1) we obtain 
which is the desired inequality in (1) and the proof of Theorem 1 is com- 
plete. 
If x E B, then we have the following identities 
nu,Jx)=2 j“U,(f,,X2 )...) xJ&(t,.x 2,..., x,,)dt,+ ‘.’ 
0 I 
+ j‘” %(X, >...> -y, I, t,,) $ %A.Y, >...7 MY,, 1, t,) dt, 3 
0 II 1 
u’ nut = - 2 
YI 
u,(t,, x2 ,..., x,,) ; u,(t,, x2 ,..., x,,) dt, + ... 
I 
+ j”” %7(xI ,..., x,, ~ I , t,,) -$ Ux, ,...> -y,, , , t,,) dt, , 
‘n ,Z 1 
for WI = l,..., r. From (11) and (12) we obtain 
a 
at, u,(t,, x2 ,..., x,) dt, + ... 
(11) 
(12) 
1 
> f,,)l ; u,,,(-u, t..., -y,, ,r t,,) dt,, : 
’ II I J 
(13) 
for m = l,..., r. Integrating both sides of (13) with respect to x, ,..., x,, on B 
and using the definition of c( and then taking the square on both sides of 
the resulting inequality and then using Schwarz inequality and the elemen- 
tary inequality (8) we obtain 
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From (14) and using the elementary inequality (10) we obtain 
This completes the proof of Theorem 2. 
From the hypotheses of Theorem 3 we have the following identity (see 
CJ, p. 1801) 
j IVu,,,(x)12 dx = - j u,(x) Au,(x) dx, (15) 
n n 
for m = I,..., Y. From (15) and using Schwarz inequaIity and the elementary 
inequality h “*c”~ < f(b + c) (for h, c 2 0 reals) we have 
j n Ib&)12 dx f j l~,(x)l I4nCdI dx 
<(j-D lu&),‘dr)ll? (s, ,~u,w(xN2dx)‘-2 
1 
6-- [j lu,(x)l 2 dx 
2 
+ j Idu,(.d 2 
D 
dx 1 1 (161 
D 
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for m = l,..., r. From (16) and using the elementary inequality (10) we 
obtain 
( 0 ii >> 
I/r 
IVu,&)l 2 dx m=l D 
6- :( fI [iD m=l lu,(x)l’dx+jD lh..(~)l*dx])‘~~ 
1 
<-- 
2r 
[I, (j, b,&)12) dx+lD ( i l&n(x)12) dx]. 
m=l 
This is the desired inequality in (3). 
By virtue of Schwarz inequality, the elementary inequality 
h”‘~‘/~ 6 $(h + c) (for 6, c 3 0 reals) and inequality (16) we observe that 
i (?’ 
I/2 
ldx)l Ihn(x)l dx d l~,b-)12 dx D D ! (c 
I/2 
Ibn(~)12 dx ” > 
1 
6- 
1s 2 D 
l~,(x)l 2 dx + jn IV~,(x)12 dx 
1 
<; ID lu,,(l)l’dx+; s, Ih,(x)12 dx, (17) 
for m = I,..., r. From (17) and using the elementary inequality (10) we 
obtain 
This completes the proof of Theorem 4. 
Remark 2. The multidimensional integral inequalities of the type 
(1 )-(4) are established by several authors by using different techniques, see 
[l-7, 9, lo]. Here, we note that our analysis used in the proofs of 
Theorems l-4 is very elementary and based on the recent results 
established by the present author in [8]. 
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